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Algorithm of inspection program development and control using theory of Markov chains and p-set function definition on 
the base of processing of approval lifetime test result is discussed.We make assumption that some Structural Significant Item (SSI), 
the failure of which is the failure of the whole system, is characterized by a random vector (r.v.) ( ,d cT T ), where cT is critical 

lifetime (up to failure), dT is service time, when some damage (fatigue crack) can be detected. We suppose also that a required 
operational life of the system is limited by the so-called Specified Life (SL), t SL, when system is discarded from service. Some 
examples are given. 
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1. Introduction. Failure Probability Calculation Using Theory of Markov Chains  

 
This paper is development of previous author papers [1,2,3]. Airframe inspection program control 

planning can be constructed using theory of Markov Chains. For this purpose the inspection program is 
presented as a process of several states: first 1+n  states, 1 2 1, ,..., nE E E + , represent aircraft service in the 
appropriate interval between two consequent inspections, service time 1[ , )i it t t−∈ , 1,2,..., 1i n= + , 

0 0t = , 1n SLt t+ = , (an aircraft is discarded from service at specified life, SLt , even if there are no cracks 

discovered by the time moment SLt ), while three additional states, 2 3 4, ,n n nE E E+ + + , represent aircraft 
withdrawal from the service due to (1) the successful end of service when the specified life period is over 
( 2nE + = SL-state), (2) due to fatigue failure ( 3nE + =FF-state) and (3) due to discovery of a crack 
( 4nE + =CD-state). Let the probability of crack detection during the inspection number i at time moment 

it is denoted as iv ; probability of failure in service time interval 1( , )i it t−  as iq ; and probability of 
absence of above-mentioned events as iu . Since these three cases form a complete set 1=++ iii qvu . 
In our model we also assume that there is an inspection at SLt  also. This inspection at the end of (n+1)-th 
interval does not change the reliability but it should be done in order to know the state of aircraft (there is 
fatigue crack or there is not fatigue crack). The transition probability matrix of this process can be 
composed as it is presented on FigError! Reference source not found.ure 1.  
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Figure 1. The transition probability matrix 
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In this paper we suppose the exponential approximation of fatigue crack growth function when 
fatigue crack size, )(ta , is described by equation 0( ) exp( )a t a Qt= , where 0 (0)a a=  is equivalent initial 
crack size[4,5]. Despite of all simplicity, this formula shows us rather comprehensible results in interval 
( ,d cT T ), where cT is critical lifetime (up to failure), dT , is service time, when some damage (fatigue 
crack) can be detected with probability equal to unit: 

QCQaaT ddd //)ln(ln 0 =−= , QCQaaT ccc //)ln(ln 0 =−= , 

where da  is a crack size, when the probability to discover it is equal to unit, ac is a crack size, which 
corresponds to the maximum residual strength of an aircraft component allowed by special design 
regulation. 

We see that parameters Cc and Cd can be derived each from another: 

δ−= cd CC , where 
d

c
dc a

aaa lnlnln =−=δ , 

If δ  is some constant then actually for considered model of fatigue crack growth the distribution 
of r.v. (Td , Tc ) is defined only by two random variables (parameters of fatigue crack growth): Cc and Q. 
Let us denote QX ln=  and ( )( )αcc aCY lnlnln == . From the analysis of the fatigue test data it can be 
assumed, that the logarithm of time required the crack to grow to its critical size (logarithm of durability) 
is distributed normally. It comes from the additive property of the normal distribution that cTln  could be 
normally distributed either if both cCln  and Qln  are normally distributed. So we suppose that random 

variables log( )X Q=  and log( )cY C= have normal distributions with unknown mean values 0 Xθ , 

0Yθ and known standard deviations and correlation coefficient  1 1, ,X Y rθ θ . We suppose that if in 
interval ( Td , Tc ) some inspection will be made then fatigue failure will be eliminated.  

These assumptions allow calculating of 

1( | )i d i d iu P T t T t −= > > = 1( / ) / ( / )d i d iP Q C t P Q C t −< < ; 
1 1( | )i i d C i i dq P t T T t t T− −= < < < < =

1

1 1 1

0,    if  / ,
( / / ) / ( / ),   if  / ,

i c d i

c i d i d i i c d i

t C C t
P C t Q C t P Q C t t C C t

−

− − −

>⎧
⎨ < < < ≤⎩

; (1) 

1i i iv u q= − − ;  

Unfortunately, corresponding integrals are not expressed by elementary functions, but if it is assumed that 
Cc and Cd are some constants then we have 

1/ −= iii aau , ))1/()(,0max( 11 −− −−= iiii abaq , 

where ( ) )/)/ln( 10 θθ−Φ= idi tCa ,  ( ) )/)/ln( 10 θθ−Φ= ici tCb , (.)Φ is distribution function of standard 
normal variable. It is necessary to mention, that if we consider a park of  N aircraft of the same type and if 
we are interested to know the probabilities of the failure of at least one aircraft or crack discovery in at 
least one aircraft of the park  then instead of qi, ui and iv we should use , 1 (1 )N

i N iq q= − − ,  

, ( )N
i N iu u=  and , , ,1i N i N i Nv q u= − − . Let us denote the corresponding matrix by symbol NP . The 

structure of considered matrices can be described in the following way (Figure 2): 
 

 
 

Figure 2. Sub-matrices of transition probabilities matrix 

Here I is matrix of identity corresponding to absorbing states, 0 is matrix of zeros. Then matrix of 
probabilities of absorbing in different absorbing states for different initial transient states is defined by 
formula 
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( ) 1B I Q R−= − .  (2) 

First row of the matrix B defines the probabilities of absorption in states SL, FF, CD if initial state 
is 1E . Particularly, (1,2)B  defines the failure probability for new aircraft which begin operation in first 
interval. For the park of N aircraft, (1,2)NB  is a probability of at least one aircraft failure in this park. 
The following rows of the matrix B and BN  define the same probabilities for different initial states: for 
aircraft which begins operation in different time intervals. So if, for example, all N aircraft of the 
considered fleet begin operation in first interval simultaneously then the failure probability of at least one 
aircraft in the fleet is equal to  

f Np aB b= ,  (3) 

where vector row  (1,0,...,0)a =  means that all aircraft begin operation in first interval (state 1E ), vector 

column '(0,1,0)b = .  
 
2. Failure Probability Calculation Using Markov Chains Theory  

for Specific Inspection Program Control  
 

Markov Chains theory is especially attractive to model various scenarios of switching to the 
alternative inspection programs when the certain event takes place. In this section we consider example of 
the following specific strategy.  Let in the fleet at the beginning of service there was N aircraft. When the 
first crack is discovered in the fleet we make repair of corresponding aircraft (so that its failure in 
following operation will be eliminated) and double the frequency of inspections of the remaining (N-1) 
aircraft. And suppose that in following we will not change the inspection program for any aircraft.  

Here we consider the failure probability calculation in special case, when in initial inspection 
program we have only two inspections. For this simple example after fatigue crack discovery the 
remaining inspection intervals for the others aircraft are parted into two parts. The decision to double 
inspection number (or, which is the same, decrease two times the inspection interval) graphically looks as 
it is shown on Figure 3. 
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Figure 3. Switching to double inspection frequency for initial two-inspection program 
 
As we can see, this decision is equivalent to continuation of service (of every specific aircraft) in 

accordance with inspection plan based on 5 inspections. The corresponding transformation of initial states 
graph  is shown on Figure 4. 
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Figure 4. Ordinary two-inspection strategy state graph (a) for initial two-inspection program  
 and switching to the double inspection frequency state graph (b).  
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For failure probability calculation it is convenient to introduce new “quasi-absorbing” states CD1 
and CD2 (see Figure 5), corresponding to states EE3  and EE5 (see Figure 4.b) of the initial matrix. The 
states CD1 and CD2 are quasi-absorbing states corresponding to  “absorption” of “initial process” at the 
inspection 1 and inspection 2. But really these are the points of beginning of “new” processes with 
different inspection programs. 

 

E3E1 ESLE2

ECD

EFF

u1 u2

q2q1

v1 v2
v3

u3

q3

ECD1

CD FF SL

ECD2

CD FF SL

 
 

Figure 5. Switching to the double inspection frequency reduced state graph for initial two-inspection program 
 
Corresponding transition probability matrix is shown on Figure 6. 
 

 E1 E2 E3 
E4 

(SL) 
E5 
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E6 

(CD) 

E7 

(CD 1) 

E8 
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E1 0 u1,N 0 0 q1,N 0 v1,N 
 

0 
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v2,N 
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0 
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0 

E7 
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0 

E8 
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0 0 0 0 0 0 0 

 
1 

 
Figure 6. The matrix 

0
NP IP corresponding to the Figure5. 

 
As in previous case the matrix of probabilities of absorption in different absorbing states for different 
initial transient states is defined by formula 

( ) 1B I Q R−= − . 
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It is obvious that now we have the random inspection program ( IP ), which  has in fact three possible 
realizations: 

0
1 2 3:{ , , }IP t t t , 

1
1 1 2 2 2:{ ,( ) / 2, ,( ) / 2, }SL SLIP t t t t t t t+ + , 

2
1 2 2:{ , , ( ) / 2, }SL SLIP t t t t t+ . 
 
The probability of each scenario to realize depends on the probability to discover a crack during 

the inspections of the basic scenario. Probability of  1IP  is equal to probability of absorption in state 
CD1, ( 1)p CD . Probability of  2IP  is equal to probability of absorption in state CD2, ( 2)p CD . 

Probability of 0IP , 0( )p IP , is equal to 1- ( 1)p CD - ( 2)p CD . For 0IP  the corresponding list of states 

in corresponding Markov chain is defined in Figure 4.a: E1, E2, E3, SL, FF, CD. For 1IP  it is defined in 
Figure 4.b: E1, EE3, EE4, EE5, EE6, SL, FF, CD. For 2IP  it is defined in Figure 4.b also: E1, E2, EE5, 
EE6, SL, FF, CD. 

For every scenario, using already described approach we can calculate the probability of failure 
and then to calculate  total probability of failure of at least one aircraft in a fleet: 

 
0 0 1 1

1

0 2 1
1

(1, 2) (1,4)(1 (1 (2,2)) )

(1,5)(1 (1 (3,2)) )

N
f N N

N
N

p B IP B IP B IP

B IP B IP

−

−

= + − −

+ − −
 , (4)  

 
where ( , )r

NB IP i j  is ( ,i j )-th element of matrix NB  for rIP  inspection program, 1, 2r = , for fleet 

with N aircraft. Rows of matrix 1
NB IP  correspond to transient states: E1, EE3, EE4, EE5, EE6. Columns 

correspond to absorbing states: SL, FF and CD. For matrix 2
NB IP  rows corresponding to transient states 

are: E1, E2, EE5, EE6. Columns correspond to the same absorbing states: SL, FF and CD. Matrix P  for 
inspection program 0IP  can be seen on Figure 1 if 2n = .  Structure of the matrix 0

NB IP  is shown on 
Figure 7. 
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Figure 7. Structure of the matrix 0

NB IP  

 
 
3. Failure Probability Calculation for Inspection Program Control in General Case  
 

In general case in the initial IP there are n  inspections and in corresponding matrix of transition 
probabilities, see Figure 8, there are ( 1)n +  transient  and ( n +3) absorbing states: three initial absorbing 
states (SL, FF and CD) and n additional quasi-absorbing states  
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1 2 n 1 SL FF CD CD1 CDn

1 1 1 1

2 2 2

n 1 ( 1) ( 1) ( 1)

SL

FF

CD

CD1

CDn

E E E E E E

0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

E 0 0 0 1 0 0 0 0

E 0 0 0 0 1 0 0 0

E 0 0 0 0 0 1 0 0

E 0 0 0 0 0 0 1 0

E 0 0 0 0 0 0 0 1

N N N

N N

n N n N n N

u q v

q v

u q v

+

+ + + +

Ε Ε

Ε

Ε

Ε

 

Figure 8. Modified transition probability matrix  

 
The optimal changes of initial inspection program can be founded by analysis of new information 

realised after discovering of fatigue crack. Discovery of fatigue crack can give us additional observation 
of fatigue crack possible trajectory and, as a result, more precise estimate of parameterθ . In simplest case 
we can assume that now we have observation of two realizations of fatigue crack, but really all depends 
on both the technology of inspection and algorithm of its result analysis. This is subject of special 
investigation. 

Thus, there are n  possibilities to switch to the new inspection program, generating a set of 
( 1n + ) realizations (or scenarios) of the random inspection program, { 0 1 2, , ,..., nIP IP IP IP }. Let 

{ }0 1 2, , , nb b b b b= …  is a vector of corresponding probabilities: ib  is a probability to discover a 

crack during thi  inspection in accordance with initial program, 1, ,i n= … , 0b  is  probability of 

realization of initial inspection program 0IP (it is a probability of non-discovery of any crack  at any first 
n inspections or probability to be absorbed in states SL, FF or CD in accordance with the initial inspection 
program) 

0 (1,3 )i Nb B IP i= + , 1, ,i n= … , 0
1

1
n

i
i

b b
=

= −∑ . (5) 

In considered in section 2 example : 1b = 0 (1,4)NB IP , 2b = 0 (1,5)NB IP . The total failure probability 
of the random inspection program can be presented as a sum of at least one aircraft failure probabilities of 
all scenarios multiplied by the probabilities of these scenarios to realize:  

( )1
0

1
(1 (1 ) )

n
N

f f N i fi
i

p p b p −

=

= + ⋅ − −∑ , (6) 

where 0f Np  is failure probability of at least one aircraft in park of N aircraft with the service in 

accordance with initial inspection program; fip , 1, ,i n= … , is a probability of failure of one aircraft 
with the inspection program chosen after crack discovery at i-th inspection of initial inspection program.  

Let us note, that the new inspection program is implemented for every of (N-1) aircraft with 
independent service (this mean that now after discovery of any new fatigue crack in any of (N-1) aircraft 
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the program of inspection of others aircraft will not be changed). The value of fip  is defined by equation 
(3) but using vector (0,...,0,1,0,...,0)a = , where “1” is for the (i+1)-th state of the new MC, 
corresponding to the discovery of fatigue crack at the i-th inspection of initial inspection program. In 
considered in section 2 example: 0

0 (1, 2)f Np B IP= , 1
1 1 (2, 2)fp B IP=  and 2

2 1 (3, 2)fp B IP= . 

(Remind, list of transient states  for 1IP  is:  E1 , EE3, EE4, EE5, EE6; for 2IP  it is E1 , E2, EE5, EE6. List 
of absorbing states is the same in both cases : SL, FF and CD). 
 
4. Inspection Program Development 

 
Usually in Aircraft Design Bureau (ADB) documents the sequence ( 1,..., nt t ) is defined by equation 

1 1( 1)( ) /i SLt t i t t n= + − − , 1,2,..., 1i n= + , with specific choice of 1t . Then we should choose only 1t  
and n . Just now for simplicity purpose we put 1 / ( 1)SLt t n= +  (in general case 1t  can be chosen, for 
example, as parameter-free p-bound for cT [1], or we can try to get minimum of expectation value of n  at 
fixed required reliability, etc). Here we consider only this ADB simple rule. But this corresponds not only 
to the development of inspection program without control but and to correction of initial inspection 
program (and really, to the development of new inspection program with new “initial” information) after 
discovery of some fatigue crack. The difference is only in “initial” state and in the distribution of 
parameter estimate, because now we have observation of trajectory of at least two fatigue cracks. (In 
simplest case of one-dimensional unknown parameter we can assume that now we have sample of two 
observations of r.v. with the same cdf). 

For the only occurring once choice of inspection number the probability of failure will be function 
of θ  and n . We denote it by ),( np f θ . Probability ),( np f θ  can be non-monotonous function of n  if 
at increasing of n  relocation of inspection time moments takes place. But we consider only such 
strategies of the choice of the sequence of inspection time moment { ,  0,1,2,..., }it i n=  that for all 0θ ∈Θ  
and for enough small ε  there is minimal inspection number n  such that ( , )fp kθ ε≤ , for all k n≥ , 

1,2,...k = . and ),( np f θ  monotonously decreases if n  increases beyond of this value. This n  is 
defined by equation:  

( , ) min( : ( , )  for all ,  1,2,...)fn k p k k n kθ ε θ ε= ≤ ≥ = . (7) 

For the case when ),( np f θ  is monotonous function of n  a schematic diagram of the solution of the 

equation ),( np f θ =ε  and calculation of the function ( , )n θ ε  is shown on Figure 9.  

 
Figure 9. Choice of number of inspections as function of allowed failure probability for different parameter θ  
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But a true value of θ  is unknown. Only observation of its estimate, a random variable θ̂ , is 
known. So ˆˆ ( , )n n θ ε=  and ˆ ˆ( , )f fp p nθ=  are random variables also. 

Let us define the random variable 

0
0

0

ˆˆ( , ),   ,
ˆ

0,                .
f

f
p n

p
θ θ

θ

⎧ ∈Θ⎪= ⎨
∉Θ⎪⎩

 (8) 

For this type of strategy (algorithm of choice of n ) the mean probability of fatigue failure  

0ˆ( , ) ( )fw E pθθ ε = is a function of θ  and ε . If for limited SLt  it has a maximum, depending on ε  then 

the choice of maximal value of *ε ε=  for which * max ( , )w wθ θ ε= 1 R≤ − , where R is required 

reliability, and the strategy, which defines the inspection number *ˆ( , )n n θ ε=  is the choice of such 
strategy (decision function) for which required reliability R is provided independently of unknown θ . 
(Remark. The same approach can be used for any other strategy for nomination the sequence of 
inspection time moments if this strategy is defined by some parameter, ν , which instead of n defines the 
sequence ( 1 ( ),..., nt t ν ) in such a way that for all 0θ ∈Θ  and for any ε , 0 1ε< < , there is parameter, ν , 
defined by equation (7), where ν  should be read instead of n . For example, we can choose intervals 
between inspections under condition  of constancy of conditional probability of failure in every interval 
under condition that in previous intervals fatigue crack did not appear). 

Control IP is defined by vector 1( , ,..., )nn n n , where n  is inspection number for initial program (it 
is chosen for “initial” program in accordance with equation (6) ), in , 1, ,i n= … , is an inspection 
number for every “second part” of operation (after the discovery of fatigue crack at i-th inspection of 
initial IP)). If, in the simplest case, for every “absorbing state” CDi, we chose in  again under condition 

that in remaining operating time the probability of failure fip does  not exceed some fixed value, which is 

some known function of ε , ( )nε ε , then   the  total probability of failure, fp , will be only function of θ  

andε , ( , )fp ε θ ε . Remind, that following calculation of ˆ( ( , ))fE pθ ε θ ε  this time should be made using 

not only the cdf of initial estimate,θ̂ , but taking into account that this estimate is corrected after the 
discovery of fatigue crack. The procedure of this correction is a subject of special investigation. Here we 
underline only that the core of this problem solution is the solution for the simple IP of the equation (6), 
in which instead of ),( np f θ  should be used 

1fi ip a B b=  (9) 

with the vector (0,...,0,1,0...)ia = , where unit is for (i+1)-th component but again vector column 
'(0,1,0)b = . So in this paper we consider only numerical example of the choice of n for the simple IP [3]. 

 
5. Numerical examples  
 

It is clear that before calculation of fp  and choice of inspection program we should made 

calculation of 0f Np , fip , 1, ,i n= … , fip , 1, ,i n= … , and { }0 1 2, , , nb b b b b= … . As it was told 

already, here we consider only calculation of 0f Np for N =1 and choice of initial number of inspections. 
Calculation after discovery fatigue crack should be made in similar way (should be changed only a priory 
distribution (vector a ) and distribution of parameter estimate because now we have observations of two 
fatigue cracks.  

As it was tolled already also, we suppose that random variables log( )X Q=  and log( )cY C=  
have normal distributions with unknown mean values 0 Xθ , 0Yθ and known both standard deviations and 

correlation coefficient, 1 1, ,X Y rθ θ . In considered example we suppose to have event 0
ˆ Θ∉θ  and we will 

return the considered project to redesign if  required number of inspections exceeds Rn =5 or value of 
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ˆ /c ct C Q= , estimate of mean time to failure, ( )cE T , using result of initial full scale fatigue test, lesser 

than SLt =40000 (flights). For this examples we assume that only one full-scale test (before corresponding 
aircraft park service beginning) had been performed and we have observation of just one single crack 
growth and corresponding estimates: 0̂ Xθ = ln 8.588527Q = − , 0̂ ln 1.905525Y cCθ = = . These estimate we 
use later for the choice of initial inspection number. But first, using Monte Carlo method for modelling of 
possible another estimates, of we make calculation  of the surface )ˆ(),( 0fpEw θεθ =  for all 

parameters in some set of θ =( 0 0,X Yθ θ ) in the closeness of the  point ( 0̂ Xθ , 0̂Yθ ). On the Figure 10 the 
calculation results of 0ˆ( , ) ( )fw E pθθ ε =  for ε =0.001 is presented (in this examples we use inspection 

program with special choice of 1t  and evenly distributed time moments between 1t  and SLt ; the time 
moment of the first inspection is defined by equation 1 1ln ln 5SL Xt t θ= − ⋅ ; the detectable and critical 
crack sizes are mmad 20= , mmac 84.237= ). Complex form of the function ),( εθw  is defined by the 
fact that ),( np f θ  might be non-monotonous function of n . For relatively small n , ),( np f θ  can grow 
with the increase of n . The reason of such “strange” effect comes from the fact of inspection time 
moments relocation with the change of n . 

 

 
Figure 10. Function )ˆ(),( 0fpEw θεθ =  for ε =0.001 

This time the maximum values of the function ),( εθw  are equal to 0.030990. If we repeat this 
calculations using various values of failure probability ε  we will get a set of “surfaces” 

)ˆ(),( 0fpEw θεθ =  and function ),(max)(* εθε
θ

ww = , see Figure 11. 

 

 

Figure 11. Numerical example: The function )(* εw  
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Using this function we see, that to ensure the probability of failure not exceeding, for example, 
*w = 0.0326 for the choice of *n , required number of inspections for our inspection program, we should 

use *ε =0.003 (it is worth to mention that *w  is ten times higher than *ε !). Remind, that 
*n = * *ˆ ˆ( , ) min( : ( , )  for all ,  1,2,...)fn k p k k n kθ ε θ ε= ≤ ≥ = . In our example ˆθ θ= =( 0 0

ˆ ˆ,X Yθ θ )= 

=( 8.588527− , 1.905525 ) and the required number of inspections *n =5 (it is worth to mention that 
ˆ( ,0.0326) 4n θ = ). 

For control IP similar calculations should be made for every quasi absorbing state (with specific 
cdf of parameter estimates). Then corresponding 0f Np  and vector { }0 1 2, , , nb b b b b= …  should be 

calculated. And again remind that all these calculation should be made for all parameters in some set of 
θ =( 0 0,X Yθ θ ) in the closeness of the point ( 0̂ Xθ , 0̂Yθ ). 
 
6. Conclusions 
 

It is shown that using Markov chains theory a development of controlled inspection program of 
fatigue-pron airframe can be made. Using of minimax approach we can provide required reliability of the 
fleet and in the case when we do not know true parameter of fatigue crack growth but only observation of 
limited number fatigue cracks in approval full-scale airframe fatigue test. The offered mathematical 
model allows taking into account the observation of fatigue crack in operation during planned inspection 
also. 
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